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Abstrat
Charmed meson prodution in semi-inlusive deep inelasti sattering is investigated in the olor
dipole formalism. The transverse momentum distributions are alulated. We nd good agreement
with the H1 data using a hard fragmentation funtion.
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I. INTRODUCTION
One of the most important heavy-avor prodution proesses is deep inelasti sattering
(DIS). A quantitative understanding of heavy-avor physis in ep and pp-ollisions is a
prerequisite for the disovery of new eets in pA and AA-ollisions. The olor dipole model
represents a good phenomenologial approah to heavy-avor prodution. In this model, the
DIS ross setion is fatorized into a light-one wavefuntion, whih desribes the splitting of
the virtual photon into a olorless quark-antiquark dipole with transverse separation r and
a dipole ross setion whih depends on r and desribes subsequent dipole sattering o the
proton. The dipoles are eigenstates of the interation and thus, multiple sattering eets
on nulei are easily desribed [1℄. Historially, this was the initial intention to develop the
dipole formalism. The dipole approah an be formulated in the target rest frame. For low-x
the typial propagation length of a dipole utuation exeeds the interation time by orders
of magnitude. Beause of time dilatation we an think of a frozen transverse separation
during the interation with the target. It is expeted that the growth of the gluon density
is slowed down at very low xB by gluon-gluon reombination. Within the dipole approah,
this saturation eet is desribed most naturally by introduing an x-dependent saturation
sale. A fast-moving dipole produed from the inident virtual photon deouples from soft
QCD interations. This olor transpareny manifests itself in the dependene of the dipole
ross setion proportional to r2 for small dipoles. The olor dipole approah is inherently
nonperturbative and inludes higher twist eets whih are important at low x-Bjorken and
for low transverse momenta of the produed D-mesons.
The paper is organized as follows. Setion 2 deals with D-meson prodution in deep
inelasti sattering. We develop the kinemati framework for the desription of semi-inlusive
deep inelasti sattering. Setion 3 introdues the dipole approah to DIS and presents the
virtual photon-proton ross setion preparing the numerial evaluation of the deep inelasti
ross setions. In setion 4 we nalize the dipole alulation and ompare with data from
HERA's H1 ollaboration. Finally, in setion 5 we summarize the results.
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II. SEMI-INCLUSIVE D-MESON PRODUCTION IN DEEP INELASTIC SCAT-
TERING
In inlusive Deep Inelasti Sattering (DIS) we onsider the proess l N → l′X, where
a lepton l with momentum k satters o the nuleon N with momentum P resulting in a
momentum k′ for the sattered lepton l′. The target breaks up into an unobserved nal
state X . The ross setion is most onveniently expressed in terms of the Lorentz invariants
Q2 = −q2 = −(k − k′)2 > 0 ν = P · q
M
(1)
or the ratios
xB =
Q2
2Mν
y =
P · q
P · k . (2)
In the target rest frame, i.e. in the rest frame of the nuleon, ν gives the energy transfer
from the lepton to the nuleon and y the ratio of energy transfer to inident lepton energy.
Q2 is the virtual mass squared (virtuality) of the exhanged photon. We also use the enter-
of-mass energy squared in the l N system s and in the γ∗p system
s = (k + P )2, W 2 = (q + P )2. (3)
In Semi-inlusive Deep Inelasti Sattering (SIDIS) [2, 3℄ of the type lH → l′hX the
hadron h is deteted in oinidene with the sattered eletron e′ in the nal state. The
orresponding situation is pitured in Fig. 1. The hadroni target H has mass M and
four-momentum P , the produed hadron h has mass m and four-momentum ph.
The SIDIS ross setion an be expressed in the same Lorentz invariants xB and y as for
inlusive DIS plus the nal state hadron variables ph. Sine we aim for pT fatorization we
split the nal state hadron variables into the Lorentz invariant z momentum fration of the
hadron relative to the struk quark
z =
P · ph
P · q (4)
and the transverse hadron momenta ph⊥ relative to the γ
∗
momentum diretion. Both are
invariant under boosts along the virtual photon axis. The dierentials are related by
d3ph
2Eh
=
1
4
ν
ph||
dzdp2h⊥dφh. (5)
3
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FIG. 1: Kinematis of one-partile semi-inlusive sattering. The reation plane in (e, e′h)-
sattering is dened by the initial and nal momenta of the lepton (~k,~k′). The produed hadron
~ph and photon momenta ~q dene a seond plane.
In analogy to inlusive DIS the SIDIS ross setion an be obtained from the ontration of
the hadroni and the leptoni tensor
2Eh dσ
d3ph dxB dy
=
πα22My
Q4
LµνW
µν
2Eh dσ
d3ph dΩ dE ′
=
α2
Q4
LµνW
µν . (6)
The onversion between these two forms is given by the Jaobian
dxBdy =
E ′
M(E − E ′)dE
′d cos θ
for azimuthal symmetry. Lµν is the spin averaged leptoni tensor and Wµν is the hadroni
tensor
Wµν =
1
2M(2π)4
∫
d3PX
(2π)32EX
< P |Jν(0)|PX , ph >< ph, PX |Jµ(0)|P >
× (2π)4δ4(P + q − ph − PX). (7)
The semi-inlusive hadroni tensor is related to the inlusive one via
< nh(P, q) > Wµν(P, q) =
∫
d3ph
2Eh
Wµν(P, q, ph) (8)
where < nh(P, q) > is the average number of partiles produed of type h in a reation
dened by P and q. The above notation underlines the dependene on the momenta of
4
the deep inelasti reation. Integrating over the hadron momentum ph one reovers the
inlusive hadroni tensor times the multipliity as shown on the right hand side of Eq. 8.
Summation over all possible hadrons h would lead to the inlusive hadroni tensor. The
tensorial struture of Wµ,ν is determined by Lorentz and gauge invariane.
Assuming time reversal and parity invariane we represent the eletromagneti hadroni
tensor with four struture funtions Wi(x,Q
2, z, ~p2h) [2℄
Wµν(P, ph, q) = (
qµqν
q2
− gµν)W1 + TµTν
M2
W2
+
p⊥hµTν + Tµp
⊥
hν
Mmh
W3 +
p⊥hµp
⊥
hν
m2h
W4 (9)
where
T µ = P µ − p · q
q2
qµ. (10)
The rst two struture funtions have the same origin as in the inlusive struture funtions
whih are related to longitudinal and transverse photon sattering. The dependene on the
hadroni angle φh allows two more struture funtions. Next we introdue four dimensionless
semi-inlusive struture funtions Hi(x,Q
2, z, p2h⊥). A fator of 2z arises in formal analogy
to the known inlusive struture funtions F1,2
2zH1 = M(W1 +
p2h⊥
2m2h
W4)
2zH2 = ν(W2 +
p2h⊥Q
2
2m2h~q
2
W4). (11)
The integration over the azimuthal angle φh removes the H3 and H4 struture funtions
from the semi-inlusive ross setion
Hi(xB, Q
2, z) =
1
2
∫
dp2h⊥dφhHi(xB, Q
2, z, p2h⊥)
= π
∫
dp2h⊥Hi(xB, Q
2, z, p2h⊥) (12)
whih leads to
dσ
dxB dz dy
=
8πα2ME
Q4
[
xBy
2H1(xB, Q
2, z, p2h⊥) + (1− y)H2(xB, Q2, z, p2h⊥)
]
. (13)
In the high-energy approximation E = s/(2M) the ross setion has a form similar to the
inlusive ross setion. Fatorization of deep inelasti sattering and hadronization allows to
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represent the inlusive struture funtion H2 as a produt of the known quark distribution
funtions and the quark fragmentation funtion Dh/qf (z) [4℄
H2(xB, Q
2, z) = H2(xB, z) =
∑
f
e2f [qf/H(xB)Dh/qf (z) + q¯f/H(xB)Dh/q¯f (z)]. (14)
This fatorization has been proven to leading order in Q [3℄. Here, in this paper, we want to
alulate the struture funtions Hi in the dipole formalism for γ
∗p. Using equation (8), we
onnet the Hi to the standard struture funtions Fi for inlusive lepton-hadron sattering,
< nh(xB, Q
2) > F1(xB, Q
2) =
∫
dz H1(xB, z, Q
2)
< nh(xB, Q
2) > F2(xB, Q
2) =
∫
dz H2(xB, z, Q
2). (15)
Following the inlusive ase, we need two struture funtions speied for longitudinal and
transverse photon polarization. Polarization interferene in semi-inlusive DIS ours only
for W3 and W4 whih vanish after integration over the azimuthal angle.
WL = ε(λ = 0) ·W · ε(λ = 0) = 2z
(
~q2
νQ2
H2 − 1
M
)
(16)
WT =
1
2
[ε(λ = −1) ·W · ε(λ = −1) + ε(λ = +1) ·W · ε(λ = +1)] = 2z
M
H1
where ε is the virtual photon polarization vetor. For the virtual photon momentum q =
(q0, 0, 0, qz) we dene the polarization vetors:
ε(λ = 0) =
1
Q
(
qz, 0, 0, q0
)
ε(λ = ±1) = 1√
2
(0, 1,±i, 0). (17)
The ombined longitudinal and transverse eletron-proton ross setion is
dσ
dxB dz dy dp2h⊥ dφh
=
πα2M
2Q2yz
{(
y2
2
+ 1− y
)
WT + (1− y)WL
}
. (18)
We reall the relation between the total γ∗p ross setion and the inlusive hadroni tensor
W µν(P, q)
σtotγ∗p→X(λ) =
16π2αM
2ys
ε∗µ(λ)W
µν(P, q)εν(λ). (19)
Sine the amount of D-meson prodution is measured by the branhing ratio
< nD >=
1
σtotγ∗p→X(λ)
∫
dy
∂σincγ∗p→DX(λ)
∂y
(20)
we obtain
2ED dσ
γ∗p→DX
d3pD
=
8π2αM
ys
ε∗µ(λ)W
µν(P, q, pD)εν(λ), (21)
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or with (5)
ysz
π2Mαem
dσL,T
d2pD dz
= εL,T ·W · εL,T . (22)
We insert this expression in (18) to nd
dσ(ep→ DX)
dx dy dz d2p⊥D
=
αem
πxy
[(
y2
2
− y + 1
)
dσT (γ∗p→ DX)
dz d2p⊥D
+ (1− y) dσ
L(γ∗p→ DX)
dz d2p⊥D
]
. (23)
This equation relates the SIDIS ross setion to the semi-inlusive ross setion of a
virtual photon on the proton. The latter an easily be alulated in the olor dipole model,
sine the photon is the soure of the olor dipole, and the target proton mainly delivers the
low x-gluon whih is neessary for the virtual heavy quark-antiquark state in the photon to
materialize.
III. D-MESON PRODUCTION IN THE COLOR-DIPOLE MODEL
The γ∗p harm quark prodution ross setion is alulated in the dipole model (f. ref.
[22℄). We start with the photon-gluon-fusion proesses shown in g. 2. The respetive
Feynman graphs are represented by the amplitudes Mµ1 and M
µ
2
*
V(kT 0
c
c
a)
*
V(kT 0
c
c
b)
FIG. 2: Boson-Gluon-Fusion graphs. FIG (2a) shows iM1, FIG (2b) iM2.
iMµ1 = −
∑
σ
εµ(λ)u¯σq(pq)V (kt)γ
0uσ(q − ppq¯)u¯σ(q − ppq¯)
(q − pq¯)2 −m2 eeQγ
µvσq¯(pq¯)
iMµ2 =
∑
σ
εµ(λ)u¯σq(pq)eeQγ
µ vσ(q − pq)v¯σ(q − pq)
(q − pq¯)2 −m2 V (kt)γ
0vσq¯(pq¯). (24)
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Here ε(λ) is the polarization vetor of the virtual photon γ∗ with polarization λ, uσq(pq)
the spinor of the heavy quark with heliity σq and momentum pq, and vσq¯(pq¯) the spinor
of the antiquark with heliity σq¯ and momentum pq¯. The harge of the heavy quark in
units of e is eQ. The polarization vetors are given in eqs. (17). The target olor eld
represented by the vertex funtion V (kt) depends on the transverse momentum kt injeted
by the gluon from the target. The vertex V is restrited to its time-omponent, i.e. the
formula holds only in the target rest frame. It is assumed that the target gluon mediates
transverse momentum only, longitudinal momentum and energy transfers are negligible. In
the high-energy approximation the fermion propagators an be treated onshell [5℄. This
approximation is equivalent to negleting the instantaneous terms in light-one quantization
[6℄. We an express the energy denominators in terms of LC variables. The oordinate
system is hosen suh that the z-axis points in ~q-diretion. With the light-one momentum
of the photon (q+, 0⊥, q
−) = (Q2/(2mxB), 0,−mxB) and α as the light-one momentum
fration of the quark we nd (p+q , pq⊥, p
−
q ) = (αq
+, pq⊥, (p
2
q⊥ +m
2)/(αq+)). This allows to
simplify the propagators in eq. (24). Equivalent expressions hold for the antiquark with α
replaed by 1− α
1
(q − pq)2 −m2 =
−α
p2q⊥ + ǫ
2
1
(q − pq¯)2 −m2 =
α− 1
(pq⊥ − kt)2 + ǫ2
ǫ2 = α(1− α)Q2 +m2. (25)
The parameter ǫ2 is related to the inverse extension squared of the quark-antiquark state.
The γ∗p ross setion is proportional to the absolute square of the summed transition
amplitudes Mµi . In the phase spae integration we use the integration variable kt given by
the equation kt = pq + pq¯ − q instead of pq¯:
d5σ =
∑
σqσq¯cqcq¯λ,λ′
dα d2p⊥q d
2kt
8(2π)5(q0)2α(1− α)ǫ
∗
µ(λ)ǫν(λ
′)(Mµ1 +M
µ
2 )(M
∗ν
1 +M
∗ν
2 .) (26)
The polarization-interferene terms vanish when integrated over the azimuthal angle.
It is advantageous to transform all expressions into impat parameter spae sine at high
energies the quarks propagate along xed impat parameter trajetories. We express the
vetor amplitudes Mµi (
~kt, ~pq) by their Fourier transforms M˜
µ
i (
~b, ~r) in eq. (27)
8
Mµi (
~kt, ~pq) =
∫
d2bd2rM˜µi (
~b, ~r)ei
~kt~b+i~p⊥q ~r. (27)
The expliit form of the vetor amplitudes in oordinate spae is:
M˜µ1 (
~b, ~r) = −i2p0qeeQ(1− α)
∫
d2kt d
2p⊥q
(2π)4
e
−i~kt~b−i~p⊥q ~r V (kt)
× u¯σq(q − pq¯)γ
µvσq¯(pq¯)
(pq⊥ − kt)2 + ǫ2
M˜µ2 (
~b, ~r) = i2p0q¯eeQα
∫
d2kt d
2p⊥q
(2π)4
e
−i~kt~b−i~p⊥q ~r V (kt)
× u¯σq(pq)γ
µvσq¯(q − pq)
p2q⊥ + ǫ
2
. (28)
With the vertex funtion in impat parameter spae
V˜ (~b) =
∫
d2kt
(2π)2
exp(−i~kt~b)V (~kt)
and the light-one wave funtion:
Ψµ(~r) = eQ
√
αem
√
Nc
√
α(1− α)
∫
d2p⊥q
(2π)2
e
−~p⊥q ~r
u¯σq(pq)γ
µvσq¯(q − pq)
p2q⊥ + ǫ
2
(29)
one nds that the momentum spae integrals fatorize and yield the onvenient expres-
sions:
M˜µ1 (
~b, ~r) = −i2p0q
√
1−α
α
√
4π
Nc
V˜ (~b+ ~r)Ψµ(~r)
M˜µ2 (
~b, ~r) = i2p0q¯
√
α
1−α
√
4π
Nc
V˜ (~b)Ψµ(~r).
(30)
The light-one wave funtion Ψµ desribes the splitting γ∗ → qq¯ and appears identially
in both initial state amplitudes. The vertex funtion has the respetive arguments b and
b + r whih are the impat parameters of the antiquark in M2 and M1. Using p
0
q ≈ αq0,
p0q¯ ≈ (1−α)q0, we nd for the γ∗p prodution ross setion of a heavy quark with momentum
pq
dσL,T
d2p⊥q
=
∫
1
(4π)2
∫
d2bd2r1 d
2r2dα e
i~p⊥q (~r1−~r2)
(31)
× 1
Nc
∑
cqcq¯
ΨL,T (~r1)Ψ
∗L,T (~r2)[V˜ (~b)− V˜ (~b+ ~r1)][V˜ †(~b− V˜ †(~b+ ~r2)].
9
Due to the integration over the antiquark momentum whih is equivalent to the kt integra-
tion, the impat parameters in (M˜µ1 +M˜
µ
2 ) and (M˜
∗ν
1 +M˜
∗ν
2 ) oinide. Sine the momentum
of the quark pq remains unintegrated, the exponentials of the Fourier transforms survive.
The light-one wave funtions simplify after summation over spins and polarizations
ΨL(~r1)Ψ
∗L(~r2) =
∑
σqσq¯
εµ(λ = 0)ε
∗
ν(λ = 0)Ψ
µ(~r1)Ψ
∗ν(~r2)
ΨT (~r1)Ψ
∗T (~r2) =
1
2
∑
λ=± 1
2
∑
σqσq¯
εµ(λ)ε
∗
ν(λ)Ψ
µ(~r1)Ψ
∗ν(~r2).
(32)
Combining the gluon vertex operators V appropriately we an onstrut dipole ross
setions
∫
d2b[V˜ (~b)− V˜ (~b+ ~r1)][V˜ †(~b)− V˜ †(~b+ ~r2)] =
1
2
∫
d2b
[
| V˜ (~b)− V˜ (~b+ ~r1) |2 + | V˜ (~b)− V˜ (~b+ ~r2) |2 − | V˜ (~b+ ~r2)− V˜ (~b+ ~r1) |2
]
.(33)
The orresponding absolute squares an be grouped into dipole ross setions employing
the denition:
σqq¯(r) =
1
Nc
∑
cqcq¯
∫
d2b | V˜ (~b)− V˜ (~b+ ~r) |2 . (34)
One nds the following nal form for the dierential γ∗p ross setion for harm quark
prodution, i.e. q = c:
dσL,T (γ∗p→ (cX))
d2p⊥c
=
1
(2π)2
∫
d2r1 d
2r2 dα e
i~p⊥c (~r1−~r2)ΨL,T (~r1)Ψ
∗L,T (~r2)
× 1
2
{σcc¯(~r1) + σcc¯(~r2)− σcc¯(~r1 − ~r2)}. (35)
A similar expression has been derived in [7℄ to desribe the transverse momenta of Drell-
Yan pairs. In the dierential ross setion light-one wave funtions enter with Bessel fun-
tions K0 and K1 depending on ε =
√
m2 + α(1− α)Q2 and r1 or r2:
ΨL(α, r1)Ψ
∗L(α, r2) =
2Ncαeme
2
Q
(2π)2
4Q2α2(1− α)2K0(ǫr1)K0(ǫr2)
ΨT (α, r1)Ψ
∗T (α, r2) =
6e2Qαem
(2π)2
{m2QK0(ǫ~r1)K0(ǫ~r2)
+ ǫ2[α2 + (1− α)2]~r1~r2
r1r2
K1(ǫ~r1)K1(ǫ~r2)}. (36)
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If one integrated out the transverse quark momentum in equation (35), one would nd
a delta funtion in (r1 − r2) and reover the total ross setion of harm prodution. The
dierential ross setion does not have suh an intuitive interpretation as the total DIS
ross setion. As shown in the derivation a physial quark-antiquark utuation is not a
prerequisite for the appearane of the dipole ross setion in the inlusive ross setion.
Instead, interferene terms in the square of the transition amplitude produe dipole ross
setions when a quark in the amplitude and a quark in the omplex onjugate amplitude
enter with dierent impat parameters. This beomes very obvious in the Drell-Yan proess,
where the dipole formula for the transverse momentum distribution of lepton pairs looks
very similar to (35) although there is not neessarily any dipole utuation involved in the
Feynman graphs [8℄.
We gave the inlusive DIS ross setion in terms of the ross setion of a quark-antiquark
pair sattering o a proton. For the alulations in this paper we use a t to the dipole ross
setion and its energy dependene. For an expliit derivation of the dipole ross setion
from QCD we refer to the loop-loop orrelation model, see Ref. [9℄. In the following we use
the GBW-saturation model by Gole-Biernat and Wüstho [10℄ with a dipole-nuleon ross
setion of the form:
σqq¯(x, r) = σ0
[
1− exp
(
− r
2
4R20(x)
)]
(37)
where
R0 =
1
Q0
(
x
x0
)λ
2
. (38)
This ross setion is not a well-dened quantity for Q2 = 0. Therefore, x has been modied
x→ x
(
1 +
4m2Q
Q2
)
(39)
in order to desribe the transition to the photoprodution region. The distane between
the quark and antiquark is r. The inverse momentum 1/Q0 = 0.2fm is a perturbative
distane. At x = x0 = 0.41 ∗ 10−4 twie this distane equals the distane where the ross
setion hanges from the perturbative r2 behavior into a onstant behavior. The parameters
λ, σ0 and x0 are given in Table (I) [10℄. The t is performed within a Bjorken interval
4 ∗ 10−4 ≤ xB ≤ 0.01 and virtuality range of 0.1GeV2 ≤ Q2 ≤ 400GeV2.
The saturation model ontains four t parameters. This is a small number ompared to
the number of parameters in parton distribution funtions. The authors have performed a
11
σ0 (mb) λ x0 1/Q0(fm)
σqq¯ with harm 29.12 0.277 0.41 · 10−4 0.2
TABLE I: Fit parameters in the GBW saturation model [10℄. The harm quark mass is xed to
m = 1.5GeV.
t to HERA data and reahed a satisfatory χ2 in Ref. [10℄ ontaining harm in the sum
over avors.
The model desribes two dierent saturation eets. The GBW ross setion saturates
for quark-antiquark pairs with large r separation. Arbitrarily large qq¯-separations are not
physial due to hadronization, but this does not matter, sine they our in the qq¯ light-
one wave funtion with very low probability. The other saturation eet is implemented
via the x-dependene of R0 ∼ 1/Qs, where Qs ats as a saturation sale. The γ∗p ross
setion rises earlier to σ0 for dereasing x. One expets this inrease to be slowed down or
stopped at even lower x when the gluon-gluon-reombination ross setion beomes sizeable
[11℄. The olor-glass model predits a new QCD domain whih is nonperturbative but not
dominated by onnement eets. Note, both saturation eets are not to be mixed up with
the saturation of the gluon density in impat parameter spae disussed in Ref. [9℄.
For our alulations we an expand the ross setion to rst order in r2
σqq¯(x, r) ≃ σ0 r
2
4R20(x)
=: σ˜0r
2, (40)
where R0 is given in (38). In the following we refer to this use of the olor dipole ross
setion as r2-approximation. For D-meson prodution with a harm mass m = 1.5 GeV, we
do not expet that the size of the semi-inlusive ross setion is very muh inuened by
large dipole separations. The dipoles ontributing have a size of about 0.2 fm.
IV. NUMERICAL CALCULATION
With the analytial formulae and the above dipole ross setion we an numerially
alulate the double dierential harmed quark prodution ross setion dσT,L/d2p⊥c . We
redue the fourfold Fourier integral over ~r1, ~r2 whih ours in the γ
∗p sub ross setion (35)
to a one-dimensional integral over the dipole separation r. We nd integrals with modied
Bessel funtions of the seond kind K0,1 and Bessel funtions of the rst kind J0,1
12
dσ(γ∗p→ cX)
d2p⊥c
=
6e2Qαem
(2π)2
∫
dα
×
{[
m2c + 4Q
2α2(1− α)2
] [
I1
p⊥2c + ǫ
2
− I2
4ǫ
]
+
[
α2 + (1− α)2
] [
p⊥c ǫI3
p⊥2c + ǫ
2
− I1
2
+
ǫI2
4
]}
(41)
with
I1 =
∫
dr r J0(p
⊥
c r)K0(ǫr) σqq¯(r)
I2 =
∫
dr r2 J0(p
⊥
c r)K1(ǫr) σqq¯(r)
I3 =
∫
dr r J1(p
⊥
c r)K1(ǫr) σqq¯(r) . (42)
The small r2-approximation (40) of the GBW dipole ross setion allows to perform the
r-integrations I1-I3 analytially
I1|r2−approx. =
σ0
4R20
4 (ǫ2 − p⊥2c )
(p⊥2c + ǫ
2)3
I2|r2−approx. =
σ0
4R20
16 ǫ (ǫ2 − 2p⊥2c )
(p⊥2c + ǫ
2)4
I3|r2−approx. =
σ0
4R20
8 p⊥c ǫ
(p⊥2c + ǫ
2)3
. (43)
The integrals require an extension parameter ǫ greater than zero to be nite. For heavy-quark
prodution with ǫ ≥ m this is no problem. We have heked how muh the approximate
r2-alulation and the full GBW dipole ross setion dier for the sum of transversely and
longitudinally polarized photons. In Fig. 3 we show the γ∗p → cX ross setion in r2-
approximation over the same ross setion alulated with the full GBW parametrization.
Deviations appear mainly at low transverse momenta of less than about 1 GeV2. We nd
good agreement for higher Q2, when the average dipole size is small. Above p⊥2c > 2 GeV
2
we nd a very small deviation of maximally 2%, whih is suient for our alulations.
Next, we study the relative ontributions of longitudinally and transversely polarized
virtual photons in Fig. 4. The transverse ross setion is learly dominating. The relative
ontribution of the longitudinal ross setion grows when the virtuality of the photon hanges
from Q2 = 2 GeV2 to 100 GeV2. This behavior is similar to vetor meson prodution.
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FIG. 3: The ratio of the ross setion dσ(γ∗p→ cX)/dp⊥2c in r2-approximation over the same ross
setion alulated with the full GBW ross setion σ(r) is shown as a funtion of the transverse
momentum of the harm quark p⊥2c .
To alulate D-meson ross setions we must let the harm quark fragment. The fragmen-
tation funtionDQh (z
∗) gives the probability that the original harm quark with a momentum
P fragments into a D-meson with momentum fration z∗P . All our momentum frations in
setion 3 refer to the photon momentum q. Sine we start with a harm quark of momentum
P = αq and end up with a D-meson with momentum zq the momentum frations multiply:
z = z∗α. (44)
To alulate D-meson prodution we onvolute the harm quark prodution ross setion
dσL,T (γ∗p → cX) with the nonperturbative fragmentation funtion D(z∗): dσL,T (γ∗p →
DX)
dσL,T
dz d2p⊥D
(γ∗p→ DX) =
∫
dp⊥c dα
α
dσL,T
d2p⊥c dα
(γ∗p→ cX) (45)
× DcD
( z
α
)
δ
(
p⊥D −
z
α
p⊥c
)
. (46)
We use the Peterson fragmentation funtion [12℄ whih has the form
DhQ(z
∗) =
n(h)
z∗[1− 1
z∗
− ǫQ
1−z∗
]2
. (47)
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FIG. 4: The harm quark prodution ross setion γ∗p→ cX indued by transverse and longitudinal
photons for Q2 = 2 GeV2 and W 2 = 200 GeV2. The transverse photon ross setion is dominating
over the whole transverse momentum region.
This fragmentation funtion has been suessful in desribing experimental data of heavy
avored hadrons and an be easily understood in the following way. The transition amplitude
is proportional to the inverse energy dierene ∆E between the initial heavy quark Q and
the nal meson h plus light quark state q
∆E = EQ −Eh − Eq
=
√
m2Q + P
2 −
√
m2h + z
2P 2 −
√
m2q − (1− z)2P 2
≈ m
2
Q
2P
(
1− 1
z∗
− eQ
1− z∗
)
, (48)
wheremh = mQ an be used for simpliity. The fragmentation funtion is given by the square
of the transition amplitude normalized orretly. The Peterson parameter eQ = m
2
q/m
2
Q
parametrizes the hardness of the fragmentation and is tted to data. The larger the quark
mass, the smaller is ǫQ and the harder is the fragmentation, i.e. D
h
Q(z
∗) is peaked more
towards z∗ = 1. The z-integrals of the Peterson fragmentation funtions DhQ are normalized
to the branhing ratios fhQ whih summed over all hadron speies add up to unity
∑
h
fhQ =
∑
h
∫
DhQ(z
∗)dz∗ = 1. (49)
In general we are using the branhing ratios given in Ref. [13℄ whih refer to the spei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kinematial domain of the H1-experiment. The world averages evaluated by the Partile
Data Group [14℄ are also listed in Table (II) for omparison. The large isospin violating
branhing ratio for the D0-meson ompared with the D+-meson branhing ratio omes from
the aidental nearness of the D
∗
-resonanes to the sum of the masses of the D-meson and a
pion. Namely both the D
∗+
and D∗0 an deay into D0 with large branhing frations, but
the D
∗+
an only deay to the D+ with a small branhing. The Peterson parameter for the
harm fragmentation funtion is ǫc = 0.05 in the leading-logarithmi approximation (LLA)
[15℄. Although the branhing ratios into D-mesons and D∗-mesons are approximately equal,
it is muh easier to measure D∗- mesons than D-mesons at HERA, sine D∗-mesons have
a good signature due to their D∗ → Dπ → Kππ deay hain. The ts are performed with
data from `lean' e+e− reations. We use these funtions in DIS assuming independene
from the underlying prodution proess of the heavy quark.
c→ D0 D+ D∗0 D∗+
PDG 0.565 ± 0.032 0.246 ± 0.020 0.213 ± 0.024 0.224 ± 0.028
H1 0.658 ± 0.054 0.202 ± 0.020  0.263 ± 0.019
TABLE II: Branhing ratios c → D for several D-mesons. Referene values from Partile Data
Group PDG [15℄ and H1 [13℄. The H1 data is tted without theoretial onstraints due to the
experimentally overed kinematial region.
The fragmentation proess of bottom quarks requires a harder fragmentation funtion
sine the b-quark mass is 4-4.4 GeV, i.e. about 3.5 times larger than the harm quark
mass. The referene value ǫb = 0.006 for the bottom quark is therefore muh smaller in the
leading logarithmi approximation. The attahment of a light quark degrades the bottom
quark momentum less than the harm quark momentum. The LLA-Peterson fragmentation
funtions are plotted for both avors in Fig. 5.
When a high-momentum harm quark in the photon fragments into a harmed meson
without additional transverse momentum, the saling variable z∗ gives the transverse and
longitudinal frations p⊥c /p
⊥
D = p
L
c /p
L
D = 1/z
∗
at the same time. One nds:
< p⊥c /p
⊥
D >=
∑
h
∫ 1
0
dz∗
z∗
Dhc (z
∗)
a mean ratio of transverse momenta < p⊥c /p
⊥
D >= 1.68 and < p
⊥
b /p
⊥
B >= 1.29 for the bottom
setor, respetively. This makes the dierential ross setions of the heavy quark harder than
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FIG. 5: The Peterson fragmentation funtion with ǫc = 0.05 for harm quarks and ǫb = 0.006 for
bottom quarks in the leading log approximation. The bottom quark fragmentation is harder sine
the bottom quark mass is about 3.5 times higher than the harm quark mass. Both urves are
normalized to unity.
the meson ross setions by the orresponding ratios. In order to see how the fragmentation
ats we plot the longitudinal γ∗p ross setion dσL/d2p2t for the two dierent values of ǫQ
as a funtion of the transverse momentum in Fig. 6. One sees how harder fragmentation
funtions shift the urve to higher transverse momenta.
V. COMPARISON WITH EXPERIMENTAL DATA
We evaluate numerially the ep ross setion (23) for the H1 experiments [13, 16℄ at
HERA taking into aount the experimental uts. In order to speify these uts we use two
dierent oordinate systems, the K-system and the K
∗
-system: The z-axis of the K-system
points in the inoming eletron beam diretion. The z-axis of the K∗-system points in the
photon diretion. The experimental results of the measurements by the H1 ollaboration
are given in the K-system, i.e. with respet to the eletron beam. The photon virtuality
varies 2 < Q2 < 100GeV2, the inelastiity 0.05 < y < 0.7 and pseudorapidity |η(D)| ≤ 1.5.
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FIG. 6: The longitudinal heavy meson prodution ross setion γ∗p → h(Q)X indued by longi-
tudinal photons as a funtion of the transverse momentum of the meson. The two ǫ parameters
orrespond to harm (ǫc = 0.05) and bottom quark (ǫb = 0.006) fragmentation. For omparison we
also show the transverse quark prodution ross setion without fragmentation.
Further the minimum transverse momentum p⊥Dmin is 2.5 GeV for the enter-of-mass energy√
s =319 GeV [13℄ and p⊥Dmin = 1.5 GeV for
√
s = 300 GeV [16℄. The theoretial dipole
ross setions we use inlude well this Q2-range. Our alulation, however, extrapolates
somewhat the Bjorken-x range used in the GBW dipole ross setion. The GBW range
inludes the xB-interval [10
−4, 10−2], the experimental data spread over the larger interval
[10−5, 0.02]. Therefore the theoretial results for the smallest xB values should be regarded
with aution. We onvert the dierential ross setion for eletron-proton sattering (23) to
the experimentally given variables. For x,y,Q2 we use the relation s = m2e +M
2
P +Q
2/(xy),
i.e. Q2 = xys in the high-energy approximation. The rapidity is approximated by the
pseudo-rapidity, yrap. ≃ η. In the target rest frame (TRF) where p0D = mT cosh η and
ν = ys/(2M), the z-fration of the D-meson is alulated as follows
z =
P · pD
P · q
TRF
=
p0D
ν
=
2M
ys
mT cosh η . (50)
We evaluate the dierential D+-ross setions with respet to the photon virtuality
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FIG. 7: Theoretial ross setion dσ(ep → D+X)/dQ2 with branhing ratio fD+c = 0.202 plotted
against experimental data from referene [13℄. Note, the experimental lower ut for the transverse
momentum is p⊥D,min = 2.5 GeV.
dσ/dQ2 and the rapidity of the D+-meson dσ/dη. For both ross setions we integrate
over the p⊥D range inside the experimental uts. In Fig. 7 we show dσ(ep → D+X)/dQ2
for ǫc = 0.05 and mc = 1.5 GeV and ompare with the H1 data [13℄. The Q
2
-derease is
determined by the integrals (.f. eq. (42)) over the Bessel funtions K0,1(ǫr) depending on
the inverse extension parameter ǫ2 = α(1 − α)Q2 +m2 . With inreasing photon virtuality
Q2, the Bessel funtions damp the size of the ross setion.
In Fig. 8 we plot the dσ(ep→ D+X)/dη ross setion against the H1 data [13℄. For the
total ross setion, higher quark masses would result in a lower η distribution. This holds
for the whole rapidity range, even more so at mid rapidity. The whole urve beomes higher
for a harder fragmentation. This is expeted sine the dierential ross setion falls o for
high rapidities of either sign. Better data are announed [17℄ to ome out for D*-mesons. In
order to obtain theoretial preditions for other D-mesons one just has to multiply the D+
ross setion with the appropriate ratio of branhing ratios (.f. Table II). For example by
multiplying the D+ ross setion with 2.6 one obtains the ombined D∗+, D∗− ross setions.
Figure 9 shows the theoretial dσ(ep→ D∗X)/dp⊥D ross setion against the H1 data [16℄.
Our theoretial ross setion reprodues the data adequately. It tends, however, to under-
shoot the ross setion at large pT . This would mean that the gluons in the proton have too
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FIG. 8: Theoretial ross setion dσ(ep → D+X)/dη with branhing ratio fD+c = 0.202 plotted
against experimental data from Ref. [13℄.
small transverse momenta or the unintegrated gluon density fG(x,~k⊥) underestimates large
transverse momenta. Indeed, the GBW parametrization for the dipole ross setion leads to
a Gaussian kT -dependene for the unintegrated gluon density, while a power dependene is
expeted in QCD.
We have also investigated the dependene on the hardness of the fragmentation proess.
Our alulation is not very sensitive to hanges of the Peterson parameter ǫc. A harder
fragmentation lifts the dierential ross setion for transverse momenta above ∼ 1.5 GeV
and redues it for lower ones.
VI. SUMMARY AND OUTLOOK
In this paper the olor dipole model has been applied to the prodution of heavy avored
mesons in semi-inlusive deep inelasti sattering. In partiular, transverse momentum dis-
tributions are a more valuable soure of information about the prodution and fragmentation
proesses than total harm prodution. In the target rest frame, the virtual photon splits
into a heavy quark-antiquark pair whih subsequently satters o the target. A olor dipole
is the lowest Fok state of the virtual photon. Instead of onsidering higher Fok states on-
taining gluons, whih beome more important for lower x, these ontributions are absorbed
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into the x-dependene of the dipole t. The dipole formulation is in a mixed representa-
tion, where the longitudinal momentum is treated in momentum spae and the transverse
position in oordinate spae. For high energies, the quark-antiquark pairs with xed sepa-
ration are interation eigenstates. This formulation is very onvenient for treating multiple
sattering eets. With the help of the framework developed in this paper one an also
alulate nulear eets on heavy quark prodution by replaing the dipole-proton ross
setion by the dipole-nuleus ross setion in Glauber approximation. For eletroprodution
on the proton we nd a dierential ross setion in Q2 whih agrees well with H1 data.
The large phase spae overage helps to ollet suient statistis in the experiment. On
the other side it presents a real hallenge for the theoretial parametrization of the dipole
ross setion. In this respet the parametrization of Gole-Biernat and Wüstho's has a
lear advantage ompared with other approahes due to its wide kinematial appliability.
It would be interesting to see the eets of the improved GBW dipole ross setion [18℄ on
the alulations. Inlusion of these orretions into the dipole desription of diret photon
prodution [19℄ redues the ross setion at high-pT . Nevertheless, our results suggest that
the dipole ross setion is not the main soure of deviations.
The fragmentation funtion has a stronger inuene on the shape of the transverse mo-
mentum distribution. We get good ts with a rather hard fragmentation funtion. Sine
21
there is no previous work whih ombines hadronization with the dipole approah, it is
worthwhile to investigate how to treat heavy quark prodution and fragmentation onsis-
tently. Our tted dipole ross setion ontains higher twist eets, i.e. it inludes many soft
gluons in the partoni ross setion. Therefore we propose to use a fragmentation funtion
at a low sale without evolution. We do not onsider evolution whih may beome important
at p⊥D ≫ mc.
Intrinsi transverse momenta of the target gluons are enoded into the dipole ross setion.
A primordial transverse momentum of the projetile gluon is often introdued in parton
model, even in NLO alulations to harden the spetrum. Usually the primordial momentum
substantially exeeds the typial hadroni sales. This is not neessary in the olor dipole
model, whih generates the intrinsi gluon transverse momenta automatially (e.g. see in
[20℄).
Similar alulation an be applied to hadron indued prodution of harm [21℄. While the
total ross setion of harm prodution in pp ollisions is well explained [22℄, it remains to be
seen how well pT distribution an be explained in the same framework. One it is possible
to redue the errors arising from hadronization, one may obtain more detailed information
about the auray of the underlying dipole alulation.
Within the same dipole formalism one an alulate harm prodution in dirative DIS,
l + p → l′ + c¯c + p. This ross setion turns out to be a higher twist, ∼ 1/m4c . However,
semi-inlusive dirative prodution, l + p → l′ + c¯cX + p, is a leading twist, ∼ 1/m2c
due to additional gluon radiation. It was demonstrated reently [23℄ that dirative hadro-
prodution of heavy avors is also a leading twist, and dipole model alulations well explain
available data.
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APPENDIX A: EXPERIMENTAL CUTS
The experimental uts are given with respet to the eletron beam line. We relate the
transverse momenta relative to the eletron beam line and the virtual photon. As shown in
t
φ
t
t
p
z*q’
p’
FIG. 10: Relating transverse momenta relative to the eletron beam line, p⊥
′
D , and to the virtual
photon diretion p⊥D for a small rotation of the z axis.
Fig. 10 we an write
~p⊥
′
D = ~p
⊥
D +
z
α
~q′t
=

 pxD
pyD

+

 − zαq′t
0


(A1)
and therefore
p⊥
′
D =
√( z
α
q′t
)2
+ (p⊥D)
2 − 2 z
α
q′t p
⊥
D cosφ , (A2)
where the transverse virtual photon momentum q′t is given by kinematis
q′t =
Q2M
s
√
s2
Q2M2
(1− y)− 1 (A3)
≃ Q
√
1− y. (A4)
The momenta are shown in Fig. 10. The quantities relative to the eletron diretion are
indiated with a prime. The transverse photon momentum is aompanied by a fator
z/α = z∗. This fator evolves beause the virtual photon splits into a heavy quark pair and
not diretly into D mesons.
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